While as a matter of pure chance and mathematical manipulations, the BlackScholes formula could have been accidentally obtained much earlier by making use of put-call parity, a simple thought experiment demonstrates the inconclusiveness of any such derivation as regards the validity of the resulting pricing equation. In particular, the use of a non-stochastic discount rate common to both the call and the put options is inconsistent with modern equilibrium capital asset pricing theory. Additional observations are made.
I Introduction
Derman and Taleb's The Illusions of Dynamic Replication (2005) makes two distinct points. (i) Real-world market conditions invalidate the Black-Scholes formula (that is, options priced with the Black-Scholes formula are not priced correctly). (ii) The Black-Scholes formula could have been conclusively derived much earlier based on a static no-arbitrage relation: the put-call parity condition.
In Section II, we put aside Derman and Taleb's point (i), including the inconsistency inherent in making points (i) and (ii) in the same article, 1 and we focus on the ‡awed perception that "the Black-Scholes option pricing formula could have been derived much earlier by requiring that a portfolio consisting of a long position in a call and a short position in a put, valued by the traditional discounted expected value of their payo¤s, must statically replicate a forward contract (p.323)." Section III addresses point (i) as well as the suggestion by the authors that Arrow (1953) o¤ers hints of the dynamic replication methodology.
II An Inconclusive Derivation of the Black-Scholes Formula
While as a matter of pure chance and mathematical derivations, "the Black-Scholes option pricing formula could have been derived much earlier by requiring that a portfolio consisting of a long position in a call and a short position in a put, valued by the traditional discounted expected value of their payo¤s, must statically replicate a forward contract (p.323)," we conduct a thought experiment that demonstrates the inconclusiveness of any such derivation as regards the validity of the pricing equation obtained. Only the selective imposition of scienti…c knowledge that was not available "much earlier" than the late 1960's creates a false sense of conclusiveness in the modern reader's mind. Consider the following thought experiment. Suppose that years before Black, Scholes, and Merton, a leading journal of …nance had received two short notes on the theory of option-pricing, which the journal's editor decided to publish back to back in a single issue. The core elements of the notes, including resulting pricing formulas are presented below.
Note A
Assume that a stock S that pays no dividends has future returns that are lognormal with volatility . A plausible and timehonored way to estimate the value at time t of a European call C with strike K expiring at time T is to calculate its expected discounted value C(S; t) = e k [Se
, while the expected discounted value for the put P with strike K expiring at time
, where = T t, k is the common constant discount rate, is the expected growth rate for the stock, and
The put-call parity relation is F = C P , in which F = S Ke R is the value of a forward contract and R is the constant riskless rate of interest. Combining the above equations, we get that S Ke
In conclusion, valuing options by expected discounted values is consistent with put-call parity only if both the common discount rate k and the expected growth rate on the stock are equal to the risk-free rate R. If so, the value of the call is given by C(S; t)
, where
Note B
Assume that a stock S that pays no dividends has future returns that are lognormal with volatility . A plausible and timehonored way to estimate the value at time t of a European call C with strike K expiring at time T is to calculate its expected discounted value C(S;
In conclusion, based on expected discounted values, the put-call parity relation dictates that the common discount rate on the …rm's call and put options k be equal to 1 ln Se K S Ke R whenever possible.
If so, the value of the call is C(S; t) =
S Ke
where
Because somehow Note A displays what has been subsequently proven to be the right answer, 2 the modern reader may be erroneously more lenient towards Note A than towards Note B. Although neither note proves its pricing formula's validity and, as such, both are inconclusive, because Note A contains the correct formula, the reader may be inclined to overlook logical lapses in Note A's derivations, an instance of critical selectiveness. In particular, the use of a non-stochastic discount rate, k, common to both the call and the put options is inconsistent with modern equilibrium capital asset pricing theory. Correspondingly, the use of valid discount factors -stochastic and di¤erent for the call and the put -would not allow Derman and Taleb to combine their "actuarial" formulas, match the resulting expression with the forward price and still obtain the Black-Scholes formula.
III Additional Comments
In this Section we address additional aspects of Derman and Taleb's paper. We begin with the concerns expressed by Derman and Taleb in their Sections 3 and 5. In addition, we clarify the role of Kenneth Arrow's 1953 article in the development of dynamic replication.
III.1 Addressing Skepticism and Discontents
In Section 3 and Section 5 of their paper, Derman and Taleb o¤er arguments for skepticism about the e¢ cacy of dynamic hedging and the validity of the Black-Scholes formula. It is indisputable that certain violations of the assumptions supporting the formula's original derivations invalidate its use (e.g., stochastic volatility, transaction costs, and general deviations from geometric Brownian Motions 3 ). These are not new considerations and the joint work of over a generation of …nancial economists has yielded signi…cant progress in these regards. For a rich, although not up-to-date, set of references, see Merton (1992) , especially Chapter 10. As regards the dismissal of the formula and its underlying methodology based on the impossibility of continuous hedging, we refer to Merton (1976) . In addition, we note that results exist for the general pricing and hedging of multiple-assets options (e.g., Broadie and Detemple (1997) and Bernis, Gobet, and Kohatsu-Higa (2003)), which renders Derman and Taleb's statement that for such instruments "dynamic replication is clearly practically impossible (p. 324)" relatively opaque. The rest of this Subsection addresses other sources of concerns suggested by the authors.
Derman and Taleb express concerns that options on underlying assets (e.g., illiquid equities) for which textbook dynamic replication cannot be achieved "are priced with the same models and software packages as are those rare securities where dynamic replication is feasible (p. 323)." The Black-Scholes formula obtains despite the non-availability of the underlying security, by use of tracking portfolios, when the price of the underlying security is continuously observable and equilibrium in …nancial markets is assumed (Merton , 1998, p. 333) . Even when the price of the underlying security is not continuously observable, the formula can be readily amended (Merton , 1998, p. 335 ). Thus, plain-vanilla software packages can be used, with added care, in such cases.
Also, the authors suggest that the fact that large …nancial …rms "do not hedge every option dynamically (p. 323)" but instead "hedge only their extremely small net position (p. 323)" is evidence of the super ‡uousness of dynamic hedging, which they relate to Hakansson's (1979) "paradox." The development of rational …nancial intermediaries that hedge dynamically only net exposures represents a resolution of the so-called "paradox," proving the value of modern …nance theory (Merton, 1992 , p. 432 and p. 454 and Merton, 1998, pp. 335-336).
III.2 Kenneth Arrow and Dynamic Replication
Derman and Taleb claim that "prior to Black and Scholes (1973) the possibility of dynamic replication was unexplored, although there had been hints of the approach, as in Arrow (1953) (p. 323)." Instead, Arrow's article describes a world of static …nancial markets. Perhaps a misinterpretation of the transition from Section II to Section III in Arrow is responsible for the confusion. In Section II, Arrow considers ex-ante contingent markets for all commodities: a total of S C markets 4 . Section III demonstrates the su¢ ciency of a world with S + C markets: S …nancial markets in the ex-ante stage and C spot commodities markets after the state is revealed. Neither section contains signs of sequentiality, or "further risk-bearing (p.92)" through sequential trading in …nancial markets. Arrow writes "for simplicity, assume there are precisely S types of securities, where a unit security of the s th type is a claim paying one monetary unit if state s occurs and nothing otherwise. Any security whatever may be regarded as a bundle of the elementary types just described. (p.92)" While this last sentence (and Arrow's Eq. (11) on p.94) contains the formal elements of modern "risk-neutral" pricing, no hint of dynamic replication can be attributed to Arrow (1953) . Sequential trading in …nancial markets and elements of dynamic replication are present in Radner (1972) however, which would be a more apt reference for Derman and Taleb. In conclusion, Arrow (1953) contains implications for the pricing of contingent claims but not the engine for the creation of contingent claims.
